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Line-tension-induced scenario of heterogeneous nucleation on a spherical 
substrate and in a spherical cavity 
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Line-tension-induced scenario of heterogeneous nucleation is studied for a lens-shaped nucleus with a finite 
contact angle nucleated on a spherical substrate and on the bottom of the wall of a spherical cavity. The 
effect of line tension on the free energy of a critical nucleus can be separated from the usual volume term. By 
comparing the free energy of a lens-shaped critical nucleus of a finite contact angle with that of a spherical 
nucleus, we find that a spherical nucleus may have a lower free energy than a lens-shaped nucleus when the 
line tension is positive and large, which is similar to the drying transition predicted by Widom [B. Widom, J. 
Phys. Chem. 99 2803 (1995)]. Then, the homogeneous nucleation rather than the heterogeneous nucleation 
will be favorable. Similarly, the free energy of a lens-shaped nucleus becomes negative when the line tension 
is negative and large. Then, the barrier-less nucleation with no thermal activation called athermal nucleation 
will be realized. 
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I. INTRODUCTION 

Line tension^ occurs in the presence of a three phase 
contact line, which separates three phases such as liquid, 
solid, and vapor. Line tension plays a fundamental role 
in, for example, the stability of liquid droplets adsorbed 
onto a solid substrate. However, it has been debated 
whether line tension plays a role in wetting because the 
magnitude of line tension is quite lowi~ 7 . Line tension 
should play role in heterogeneous nucleation on a sub¬ 
strate as well because three-phase contact exists in such 
a case^. However, the problem of line tension in hetero¬ 
geneous nucleation has been largely ignored, with the ex¬ 
ception of the pioneering theoretical work by Navascues 
and Tarazona- and the recent detailed study by Singha 
et al—. 

The heterogeneous nucleation of a lens-shaped nucleus 
on an ideally spherical substrate was theoretically for¬ 
mulated half a century ago (in 1958) by Fletcher— af¬ 
ter the work by Turnbull 12 on a flat substrate. Since 
then, this theory has been applied to study, for example, 
heterogeneous nucleation in the atmosphere^ 1 ' 5 . Fur¬ 
ther theoretical analysis has not been conducted until 
recently, because of the mathematical complexity of the 
problem^ 19 . The same problem has also been studied 
from the standpoint of wetting*^. However, thus far, few 
studies have been conducted on the effect of line-tension 
on a spherical substrat o 21 ’ 22 , while many studies have 
been conducted on the effect of line tension on a flat sub- 
strate2 d^i 2 -* 2 A There have also been several studies on 
heterogeneous nucleation in a confined volum o 25 ’ 26 and 
within a cavit y 27 ’ 28 . A similar problem of a macroscopic 
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droplet on convex and concave spherical surfaces has also 
been studied— 

Recently, line-tension-dominated nucleation has been 
studied through computer simulatio n 30 ’ 31 . Furthermore, 
the importance of the line tension was recently pointed 
out by Greer—. In fact, nucleation is often heterogeneous 
and is assisted by the presence of a substrate or wall and 
impurities. Therefore, understanding the effect of line 
tension on nucleation is crucial to clarify the whole pro¬ 
cess of heterogeneous nucleation. However, since a the¬ 
oretical study of line tension has been hindered by the 
complex mathematics and geometry, most recent stud¬ 
ies on heterogeneous nucleation have relied on computer 
simulations^!!^ or ad hoc assumptions^, the predictive 
power of which for designing new material is limited com¬ 
pared to mathematically rigorous formulations. 

In the present study, we extend our existing knowledge 
on line tension on convex and concave spherical surfaces^ 
and consider the free energy of a lens-shaped critical nu¬ 
cleus nucleated on a spherical substrate and on a wall of a 
spherical cavity within the framework of the classical nu¬ 
cleation theory (CNT). We consider the critical nucleus 
as a continuum of uniform density having a sharp inter¬ 
face with a part of a spherical substrate. Consequently, 
the contact line and angle can be defined without am¬ 
biguity. The nucleus-substrate interaction is represented 
by the appropriate surface tension (energy) confined to 
the contact area so that the classical concept of surface 
tension and interfacial energy can be applied. 

We find that a spherical nucleus of homogeneous nu¬ 
cleation may have a lower free energy than a lens-shaped 
nucleus of heterogeneous nucleation when the line ten¬ 
sion is positive and large, which is similar to the drying 
transition— We also find that the free energy of a lens¬ 
shaped nucleus becomes negative when the line tension 
is negative and large, which will leads to the barrier-less 




Line tension induced scenario 


2 


athermal nucleation 8,37 with no thermal activation pro¬ 
cess. 


II. LINE-TENSION EFFECT ON THE FREE ENERGY 
OF NUCLEUS 

A. Nucleus on a convex spherical substrate 

In this section, we summarize the mathematical re¬ 
sults of our previous work2& and discuss the physics of 
line tension in detail. We consider a lens-shaped liquid 
nucleus nucleated on a spherical substrate from oversat¬ 
urated vapor. However, the result is general and can be 
applied to the nucleation of crystal grains or vapor bub¬ 
bles as well. According to the classical idea of wetting 
and nucleation theory^ ’ 9 ’ 11 ’ 18 , the Helmholtz free energy 
of a nucleus (sessile droplet) is given by 


A F = oivAiv + AcrAsi + tL, (1) 

and 

Act = <7 S 1 - <Tsv, (2) 

where A\ v and A s i are the surface areas of the liquid- 
vapor and liquid-solid (substrate) interfaces, respectively, 
and <Ti v and cr s i are their respective surface tensions. 
Moreover, Act is the free energy gained when the solid- 
vapor interface with surface tension cr sv is replaced by the 
solid-liquid interface with surface tension cr s i. The effect 
of the line tension r is given by the last term, where L 
denotes the length of the three-phase contact line. 

The contact angle is determined by minimizing the 
Helmholtz free energy in Eq. © under the condition that 
the nucleus volume is constant at V. By changing the 
variable 9 to the distance C between two spheres defined 
in Fig. [TJ it is possible to minimize the free energy in 
Eq. © with respect to the radius r. Detail of this cal¬ 
culation can be found elsewhere^. We finally obtain the 
generalized Young equation that determines the contact 
angle 9 as2£ 

. „ R — rcosO 

Act + <Tiv cos 9 -\ -—— . - t — 0, (3) 

Rr sm 9 

which is similar to the classical Young equation^ on a 
flat substrate, 


A a + <7i v cos 9 q = 0, (4) 

where 9q is the classical Young’s contact angle, while 
the contact angle 9 is the intrinsic contact angled of 
the nucleus. Equation © has also been derived from 
the general theory of differential geometry by using the 
geodesic curvature^. Even on a spherical curved surface, 
the contact angle will be determined from the classical 
Young equation (Eq. (pT|) ) for flat surface s 11 ’ 18 when the 
line tension can be neglected (r = 0). 




FIG. 1. (a) Liquid nucleus on a convex substrate. The 

centers of the nucleus with radius r and that of the spherical 
substrate or cavity with radius R are separated by a distance 
C. The contact angle is denoted by 6. The angles (ji an d 9 are 
related by C sin <j> = r sin 0, C cos (j> = R — r cos 9. Two radii 
R and r are related to the distance C through C 2 = R 2 + 
r 2 — 2 Rr cos 6. (b) Liquid nucleus on a concave substrate of a 
spherical cavity. The angles (ji an( I 9 are related by C sin (ji = 
r sin#, C cos (j> = R + rcos9. Two radii R and r are related 
to the distance C through C 2 = R 2 + r 2 + 2Rrcos9. Note 
that the three-phase contact line passes through the equator 
when ij) = 90° and the contact line moves from the upper 
(lower) hemisphere to lower (upper) hemisphere on the sphere 
(cavity). 


Equation © can also be written as^ 

T 


CTlv COS 9 = (Jiv COS 9 0 — 


R tan (j> ’ 


( 5 ) 


using the angle 4> defined in Fig. [T] Equation © is 
known as the generalized Young equation^. This for¬ 
mula is different from that proposed by Sclieludko2i, but 
is the same as that proposed by Hienola 22 . Equation 
© can be derived also from the local approach^ rather 
than the global approach of minimizing the Helmholtz 
free energ y 36 ’ 40 . 

In fact, Eq. © can be derived from the mechanical 
force balance of the surface tension as pointed out by 
Hienola et al? 2 . To this end, we first note that the line 


tension contributes to the force balance as (Fig. 2(a) I 


<j T = lim 


2 t sin a 


->o 2 ar 


( 6 ) 


The line tension contributes to the tension ay at the 
three-phase contact line only when the contact line has 
the curvature r . Then, a simple force balance between 
the three tensions <t\ v , a s i, and cr sv and ay (Fig. 2(b)) 
leads to 


cT s i - a sv + civ cos 9 + oy cos $ = 0, (7) 

which will be reduced to Eq. © since oy = r/Rsinij). 
This equation was originally derived for the critical nu¬ 
cleus of heterogeneous nucleation^. However, it is ap¬ 
parent that Ecp © is also applicable to, for example, the 
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(a)Tension a T resulting from (b)Mechanical force balance of 
the line tension r. the surface tensions and line 

tension. 


FIG. 2. (a) Tension oy from the line tension r exerted on 

a portion of the contact line of arc length 2 ar . The tension 
ov on unit length is given by Eq. (1121) . (b) The mechanical 
force balance among the three surface tensions aw, a s \, and 
<7s V and the tension ay from the line tension r for the nucleus 
on a convex spherical substrate. 


contact angle of a droplet of non-volatile liquids of any 
size. 

Equation © also suggests that the limit r —>• 0 is un- 
physical. The line tension r must inevitably be curvature 
dependent; otherwise, divergence occurs when r —y 0 or 
</>—>■ 0° and <(> 180° in Eq. (|5]l . In fact, in the limits 

</>—)■ 0° and <j> —> 180°, the substrate must be covered by 
a thin liquid layer before the perimeter of the contact line 
disappears. This is similar to the limit 9q —I 0° of the 
classical Young equation (Eq. © ), which does not imply 
that the nucleus disappears. Rather, it implies that the 
bare substrate with the surface energy <r sv will be covered 
by a thin wetting layer of free energy er s i + cri v . There¬ 
fore, the limits <f> —> 0° and </> —> 180° needs caution and 
will be unphysical in Eq. © and in subsequent discus¬ 
sions. It must also be noted that the line-tension effect 
in Eq. © changes its sign at <f> = 90°. Therefore, the line 
tension acts in the opposite direction on the upper and 
lower hemispheres. This fact can be easily understood as 
the advancement of the contact line leads to the increase 
in the nucleus perimeter on the upper hemisphere, while 
it leads to the decrease in the perimeter on the lower 
hemisphere. 

When the angle (j) is given by </> = 90°, Eq. © indicates 
that the line tension does not contribute to the contact 
angle 9 and that it remains at the Young’s contact angle 
9q irrespective of the magnitude of line tension. In this 
case, the contact line is on the equator of the spherical 
substrate (Fig. [3]), and this is the neutral line because 
both the advancement and retardation of the contact line 
leads to the decrease in the nucleus perimeter. Then, the 
line tension cannot change the contact line and, therefore, 
cannot affect the contact angle. It only affects the free 
energy through Eq. ©. The characteristic contact angle 



FIG. 3. Nucleus for which the three-phase contact line co¬ 
incides with the equator of the spherical substrate. In this 
case, the line tension contributes only to the free energy and 
not to the mechanical force balance through a T . The contact 
angle will be pinned at the value given by Eq. irrespective 
of the magnitude of line tension r. 


9 C that corresponds to <f> = 90° satisfies (see Fig. © 

cos0 c = —. (8) 

r 

Obviously, r must be larger than R ; otherwise, the con¬ 
tact line cannot reach the equator. The contact angle 
9 C < 90° when </> = 90°. Therefore, the convex substrate 
must be hydrophilic so that the contact line crosses the 
equator. We will use the popular terminology hydropho¬ 
bic and hydrophilic throughout, though the liquid is not 
necessarily water. 

In the limit of infinite substrate radius (R —> oo), we 
can recover the modified Young equation^, 

Act + oiv cos 9 -\ - T — -t = 0, (9) 

r sin 61 

or 

7 " 

CTlv COS 9 = (Jiv COS 9 0 - 7 —-, (10) 

r sin 9 

on the basis of Eq. © for a nucleus on a flat substrate. 

The critical radius r of the critical nucleus is deter¬ 
mined by maximizing the Gibbs free energy of formation^ 

AG = AF- ApV, (11) 

where A p is the excess vapor pressure of the oversatu¬ 
rated vapor relative to the saturated pressure, A F is the 
Helmholtz free energy given by Eq. ©. and V is the nu¬ 
cleus volume. By maximizing Eq. m with respect to the 
radius r under the condition of constant contact angle 9, 
we obtain^ the well-known Young-Laplace formula 


for the critical radius of the nucleus. 
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By inserting the critical radius r* into Eq. m and 
using the generalized Young equation (Eq. Q),we obtain 
the work of formation^ 


AG* = AG; ol + AGL, 

which consists of the volume term AG* ol 
term AG* in . The former can be written as 


A g; o1 = / cv (p,0) a G£ omog . 


where 


P = 


R 


(13) 

and the line 

(14) 

(15) 


is the size factor of the critical nucleus and 9 is the contact 
angle of the critical nucleus determined from the critical 
radius r* through Eq. ©• Note that the limit p —> 0 
corresponds to a flat substrate, and p —> oo represents 
a nucleus with a point impurity, which corresponds to 
homogeneous nucleation with the work of formation given 
by 


AG 


homog 


2n , 

= Y r * Ap - 


(16) 


The generalized shape factor / cv (p, 9) for the nucleus on 
a convex spherical substrate is given by2& 


/cv (p, 9) = — (l + 2p- y/l + p 2 — 2p cos Q^J 
x ^-1 + p + y/l + p 2 - 2 p cos , 


(17) 


which reduces to the well-known shape factor originally 
derived by Fletcher— after tedious manipulation of alge¬ 
bra. It also reduces to the shape factor— 

t (2 + cos 0) (1 — cos 9) 2 

/cv(p-tO,0) =- - - (18) 

for a flat substrate (p —> 0). This shape factor Eq. (fl7l) 
also has a correct limit of homogeneous nucleation / cv —> 
1 when p —» oo and 9 —> 180°. 

The line contribution AG[* in in Eq. (THU) for the nucleus 
on a convex spherical substrate can be written as2£ 


AG* in = 27rr*rg cv (p, 9) 


(19) 


using the generalized shape factor for the line contribu¬ 
tion^ 


g „(?.»)= - 1+pc ° s<+ /. 1 y 2 - 2pco8 / ( 20) 


p 2 sin 9 


which reduces to 


gcv (p -t 0, 9) = 


sinf? 


( 21 ) 


for a flat substrate^. It also has a correct limit of homoge¬ 
neous nucleation when p —> oo and 9 —>• 180°. Equation 
m can also be written simply as 


gcv (p, </) = 


1 — COS ( 

psincj) 


( 22 ) 


as a function of <j> instead of 9. In contrast to Eq. ©, the 
sign will not change at <j> = 90° in Eq. (1221) . Therefore, 
at <f> = 90° or when the contact angle is given by Eq. 
©. the contact line coincides with the equator. Then, 
the line tension does not change the contact angle, but it 
changes the free energy or the energy barrier. However, 
the limit 4> —t 180° is unphysical. 

Note that the line contribution AG[* in or Eq. (I221l is 
not one-half of the line contribution tL/ 2 = nrRsuicj) to 
the Helmholtz free energy in Eq. © except for the case 
of a flat substrate when p —>• 0. In fact, the line contri¬ 
bution in A F in Eq. © becomes tL/2 = 7rrr* sin 9 for 
a flat substrate^, which is the same as AG* in in Eq. (fl9l) 
with g cv given by Eq. m■ Therefore, the line contribu¬ 
tion AG,* in is not directly proportional to the contact-line 
length L , except on a flat substrate^. 


B. Nucleus on a concave spherical substrate 

It is also possible to study the contact angle of a nu¬ 
cleus nucleated on a concave spherical substrate (cavity), 
such as the one shown in Fig. [Hb)2£. The contact angle 
is determined by minimizing the Helmholtz free energy in 
Eq. © under the condition of a constant nucleus volume. 
The details of this calculation can be found elsewhere^. 
By using the same procedure as that used in the previous 
subsection, we arrive at^ 

. „ R + r cos 9 , , 

Act + civ cos 9 -I -—— ; —— r = 0, (23) 

Rr sin 9 

which can be obtained by changing 9 —>• 180° — 9 in 
Eq. (131). Therefore, the action of the line tension on the 
upper hemisphere of the convex substrate is the same as 
that on the lower hemisphere of the concave substrate 
(cf. Figs. [2]and©. Equation (l23l) can also be written as 
Eq. ©, which can be derived from the mechanical force 
balance, as shown in Fig. © Therefore, the role of the 
line tension changes at <j> = 90° on a concave substrate 
as well. 

At (f> = 90°, the contact line coincides with the equator 
of the spherical substrate in this case as well. The line 
tension does not contribute to the contact angle 0, which 
remains at the Young’s contact angle 9 0 irrespective of 
the magnitude of line tension. The characteristic contact 
angle 9 C that corresponds to cj> = 90° is given by 

R 

cos0 c =-. (24) 

r 

on the basis of Eq. Obviously, r must be larger 

than R and 9 > 90°. Therefore, the substrate must be 
hydrophobic so that the contact line crosses the equator 
from the lower hemisphere to the upper hemisphere. 

By maximizing the Gibbs free energy (Eq. (fTTl) ) for a 
nucleus on a concave substrate, we obtain the Young- 
Laplace equation (Eq. (fl2l) l for the critical radius^. 
Therefore, on a concave spherical substrate, the critical 
radius of a nucleus is equal to that on a flat substrate, 
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FIG. 4. Mechanical force balance among the three surface 
tension cti v , ct s i, and cr av and the tension ov from the line 
tension r for the nucleus on a concave spherical substrate. 
Note that the contact line is located on the lower hemisphere, 
whereas it is located on the upper hemisphere in Fig. [3] for a 
convex substrate. 


even if the effect of line tension is included, because the 
effect of the substrate, including that of line tension, is 
confined to the contact surface. By inserting the criti¬ 
cal radius r* given by Eq. (Il2l) into Eq. m and using 
the generalized Young equation (Eq. (|23]l ). we obtain the 
work of formation in the form of Eq. (El), which can be 
written as Eqs. (Hi and m by replacing the shape fac¬ 
tor for a convex substrate / cv and g cv with the corre¬ 
sponding values for a concave substrate / cc and g cc . 

The generalized shape factor f cc (p, 9) for a nucleus on 
a concave substrate is now given by2& 


generalized shape factor g cc on a concave substrate given 
by Eq. (E5l) can be obtained by replacing with 9 with 
—» 180° — 9 in Eq. (flT?l) for g cv on the convex substrate. 
Therefore, the hydrophobicity and hydrophilicity inter¬ 
change their roles in the line-tension contribution to the 
free energy between convex and concave substrates. Fur¬ 
thermore, the upper and lower hemisphere interchanges 
their role. Therefore, the effect of line tension on the 
nucleus on the upper hemisphere of a spherical convex 
substrate is the same as that on the nucleus on the lower 
hemisphere of a spherical concave substrate of a cavity. 


III. RESULTS AND DISCUSSION 
A. Nucleus on a convex spherical substrate 

The work of formation of a lens-shaped critical nu¬ 
cleus heterogeneously nucleated on a convex spherical 
substrate is expressed as 

AG c * v , hetero = AG* homog h cv (p, 9 ), (28) 

from Eq. m, (Hi and G9, where 

hcv (p, 9) = /cv (p, 9) + ^fg cv (p, 9) (29) 

is the scaled work of formation (nucleation barrier), and 


fee (p, 9) = -^3 (-1 + 2 p+ y/l + p 2 + 2p cos 0^ 

x ^1 + p — y/l + p 2 + 2p cos 9 ^ , (25) 

which reduces to the shape factor on a concave surface 
recently derived by Qian and Ma^. It also reduces to the 
well-known shape factor— in Eq. m for a flat substrate 
(p —>• 0). Note that f cc (p —> oo, 9) = 0 because the nu¬ 
cleus is confined within an infinitesimally small spherical 
cavity. 

The line contribution AG[* in in Eq. (fT51) can also be 
written as Eq. ED- The generalized shape factor of the 
line contribution for a nucleus on a concave substrate is 
given by2& 


gcc (p, 9) 


— 1 — pcos9 + y/l + p 2 + 2pcos0 
p 2 sin 9 


(26) 


which reduces to 


gcc (P^ 0,0) = ^ (27) 


is the scaled line tension. Here, the radius r* is fixed 
from the Young-Laplace equation (Eq. (fT2]) h It is well 
known that the magnitude of line tension is as loviSr— 
as |t| ~ 10 -13 — 10 -9 N. Then, the magnitude of scaled 
line tension is of the other 

|f| ~ 10 -4 - 10° (31) 

for a nucleus with cri v — 73 mN/m (water) and r» =10 
mn. Since the magnitude of the shape factors are^S 
f cv — 1 and g cv ~ 1, the estimation in Eq. (13T1) is reason¬ 
able as the volume term / cv is still dominant in Eq. (1291) . 
If we use the much larger estimate r ~ 10 -5 N from 
the old experiments for millimeter-sized droplet^ - —, the 
line contribution in Eq. (1291) would dominate, which is 
difficult to imagine. 

Figure [5] shows the scaled energy barrier h cv (p, 9) as a 
functions of the contact angle 9 and size parameter p for 
a heterogeneous nucleus on a convex spherical substrate 
when f = 2.0 > 0 and f = —3.0 < 0. Note that the 
nucleation rate (probability) J is given by 

J oc exp (—AG*/ k B T) (32) 


for a flat substrate^, and g cc —>• 0 when p —> oo or 9 —»• 
180° as the three-phase contact line vanishes. 

Equation (13^1) can be written simply as Eq. (1221) as a 
function of <f> instead of 9. It can be observed that the 


and a positive Gibbs free energy AG* acts as the energy 
barrier of thermal activation with thermal energy kBT. 
If AG* is negative, the thermal activation is unnecessary 
and the athermal nucleation 3 ^ is realized. 
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(a) Energy barrier h cv for positive line tension 
(f = 0.2) 



(b)Energy barrier when the line tension is 
negative (f = —0.3) 


FIG. 5. Scaled free energy (energy barrier) h cv ( p , 9) of the 
critical nucleus on a convex spherical substrate as a function of 
the contact angle 9 and size parameter p when the scaled line 
tension is (a) positive (r = 0.2) and (b) negative (f = —0.3). 


It can be seen from Fig. 5(a) that the energy barrier 
can exceed h = 1, which corresponds to homogeneous 
nucleation from Eq. (128[) . Therefore, when f > 0, and 
9 and p are larger, the scaled free energy barrier of the 
heterogeneous nucleation can exceed that of the homoge¬ 
neous nucleation. Then, the nucleation rate J in Eq. (1321) 
of the homogeneous nucleation will be higher than that 
of the heterogeneous nucleation. And, the homogeneous 
nucleation with the spherical critical nucleus rather than 
the heterogeneous nucleation with the lens-shaped criti¬ 
cal nucleus will be favorable, though they can coexist^. 
This heterogeneous-dominant to homogeneous-dominant 
change is similar to the drying transition predicted by 
Widom22. On the other hand, when f < 0, and 6 and p 
are small in Fig. |5(b)| the scaled energy barrier becomes 
negative. Then, the nucleation becomes deterministic 
called athermal nucleation because the nucleation does 
not involve thermal activation to cross the energy bar- 
rier—. 

The heterogeneous-dominant to homogeneous- 
dominant change of a critical nucleus occurs when 
h cv (p,9) = 1 (Fig. 5(a)), which gives the upper bound 


e u ,cv of the scaled line tension 


T u .cv (p> 9) 


2(1 — fcv (p,0)) 

3gcv (p, 9) 


(33) 


Similarly, the transition from activated nucleation to 
non-activated athermal nucleation with negative energy 
barrier occurs when h cv (p, 9) = 0 (Fig. |5(b)~| ), which gives 
the lower bound ri,cv of the scaled line tension 


n, cv (p, 9) = 


-2fcv (p,0) 

3gc v(p,0) 


(34) 


Since the contact angle 9 will be determined from Eq. ©, 
the scaled line tension r is given by 


Tcv (p, 9) = 


(cos 9 0 — cos 9) sin 9 
1 — p cos 9 


(35) 


where 9q defined by Eq. a is the Young’s contact angle 
characterizing the substrate with er s i and a sv . 

Fig ure [6 ] shows the scaled line tension f cv (p = 0, 9) 
(Fig. 6(a)) and the c orresp onding scaled energy bar¬ 
rier h cv (p = 0,0) (Fig. |6(b)[ ) of a nucleus on a flat sub¬ 
strate (p = 0) as functions of the contact angle 9 for 
different values of 9 q. We also show the upper bound 
f u cv {p = 0, 9) and the lower bound 7y cv (p = 0, 9). For 
a given line tension f, the corresponding contact angle 9 
will be determined from the solution of equation 


T = T cv (p, 9) . 


(36) 


Therefore, the intersection of a horizontal line f = 
constant and a curve f cv (p, 9) will give the intrinsic con¬ 
tact angle 9. 

When the contact angle 9 increases, the contact-line 
length decreases as the radius r* is a constant given by 
the Young-Laplace equation (Eq. (fl2|) ). Of course, when 
f = 0, the contact angle is given by the Young’s con¬ 
tact angle 9 = 9q, as predicted from Eq. (1551) . Since the 
scaled line tension f approaches zero from Eq. as 
the size of the nucleus r* grows, the contact angle 9 of 
the super-critical nucleus after crossing the energy bar¬ 
rier approaches the Young’s contact angle 9 0 . When the 
line tension is positive and its magnitude f exceeds the 
upper bound f UiCV (p = 0, 9) (Fig. 6(a)), the scaled en¬ 
ergy barrier exceeds the upper bound h cv = 1 (Fig. |6(b)[ ) 
for homogeneous nucleation. Then, the heterogeneous 
nucleation becomes less probable and the homogeneous 
nucleation becomes dominant. When the line tension is 
increased further, there will be no solution of Eq. m, 
which means that the lens-shaped heterogeneous nucleus 
is not the minimum of Helmholtz free energy anymore. 
Then the heterogeneous nucleation will be inhibited and 
only the homogeneous nucleation will occur. 

Apparently, nucleation on a flat substrate is symmet¬ 
ric to hydrophilicity and hydrophobicity (Fig. |6(a)[ ). A 
nucleus with a positive line tension is more strongly at¬ 
tached to a hydrophilic substrate with smaller Young’s 
contact angle 9q, such as 0 q = 30°. In this case, as the 
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0 

(a) Scaled line tension f cv as a function of the 
contact angle 9. 



0 20 40 60 80 100 120 140 160 180 

0 

(b)Scaled energy barrier h cv as a function of 
the contact angle 9 


FIG. 6. (a) Scaled line tension r cv (p, 9) as a function of 

the contact angle 6 for various Young’s contact angle #o(= 
30°, 60°, 90°, 120°, 150°) for p = 0, which corresponds to a flat 
substrate. The heterogeneous nucleation with a lens-shaped 
nucleus is favorable between the area sandwiched by the upper 
boundary f U}CV (upper black curve) and the lower boundary 
ti,cv (lower black curve), (b) The corresponding scaled free 
energy h cv ( p,8 ). The black broken curve indicates the free 
energy without line tension (r = 0). Therefore, the free- 
energy curves above this broken curve are the free energy 
when the line tension is positive (r > 0). The heterogeneous 
nucleation with a lens-shaped nucleus is favorable between 
the area sandwiched by two horizontal lines (0 < h cv < 1). 


line tension increases, the contact angle begins to increase 
from the Young’s contact angle 9q = 30°. When the line 
tension reaches the upper bound f UjCV , the homogeneous 
nucleation becomes favorable. 

On the other hand, a nucleus with a negative line ten¬ 
sion is favorably supported by the h ydrop hobic substrate 
with, for example, 9 = 150° (Fig. |6(a)[ ). In this case, 
as the absolute magnitude of negative line tension in¬ 
creases, the contact angle 6 decreases. When the scaled 
line tension reaches the lower bound ri iCV , the free energy 
becomes negative and the athermal nucleation will take 
over. When the line tension is decreased further, there 
will be no solution of Eq. (1361) , which means that the lens¬ 
shaped nucleus does not correspond to the minimum of 
Helmholtz free energy. Then, the lens-shaped nucleus 
will not form and the nucleus will be a thin wetting layer 
to maximize the contact line length. The behavior of 


the contact angle is symmetrical for a neutral flat sub¬ 
strate with 9 0 = 90° (Fig. |6(a)[ ). It can be hydrophilic 
(9 < 90°) with a negative line tension or hydrophobic 
(9 > 90°) with a positive line tension. 



e 

(a)Scaled line tension f cv as a function of the 
contact angle 9. 



e 

(b) Scaled energy barrier h cv as a function of 
the contact angle 9 


FIG. 7. (a) Scale line tension t cv (p, 9) of a nucleus 

on a convex substrate with p = 0.7 as a function of the 
contact angle 9 for various Young’s contact angles #o(= 
30°, 60°, 90°, 120°, 150°). All lines are shifted downward from 
Fig. 6(a) (b) The corresponding scaled free energy h cv (p, 9). 


As long as the radius r* of the critical nucleus is smaller 
than the radius R of the spherical substrate, and p < 1, 
the nucleus will remain on the upper hemisphere. The 
situation does not differ much from that on a flat sub¬ 
strate. Figure [3 shows the scaled line tension f cv and 
scaled energy barrier h cv when p = 0.7 for various values 
of 9 0 . These figures are similar to those in Fig. [6] The 
contact angle 9 increases as we increase the scaled line 
tension f. 

There are several subtle differences between Fig. [6] and 
Fig. [3 First, the spherical substrate is less resistant to 
a positive line tension. A lens-shaped nucleus will be 
less favorable on a spherical substrate than on a flat sub¬ 
strate. In contrast, the spherical substrate is more resis¬ 
tant to a negative line tension. If we increase the magni¬ 
tude of negative line tension, the lens-shaped heteroge¬ 
neous nucleus is more durable on the spherical substrate 
than on the flat substrate. It can be intuitively imagined 
that the nucleus on a spherical substrate is less resistant 
to the tension that induces the shrinkage of the contact 
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line and increase of the contact angle on the upper hemi¬ 
sphere. Physically, this is because the contribution of the 
volume term AG* ol on the convex substrate in Eq. (TT4l) . 
which will lower the free energy, will be smaller than 
that on a flat substrate because the volume of the lens¬ 
shaped nucleus on a convex substrate is less than that of 
a spherical-cap nucleus on a flat substrate. 



e 


(a) Scaled line tension r cv as a function of the 
contact angle 9. 
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(b)Scaled energy barrier h ( v as a function of 
the contact angle 6 


FIG. 8. (a) The scaled line tension r cv ( p , 0) of a nu¬ 

cleus on a convex substrate with p = 2.0 as a function 
of the contact angle 9 for various Young’s contact angles 
0 O (= 30°, 50°, 60°, 65°, 90°, 120°, 150°). The critical angle is 
0 C = 60° on the basis of Eq. (1411) . Therefore, when the 
Young’s contact angle is the critical angle (0o = 0 C = 60°), 
the contact angle 9 is pinned at 60° (black solid vertical line). 
The heterogeneous nucleation with a lens-shaped nucleus is 
favorable between the area sandwiched by the upper bound¬ 
ary f UjCV (upper black curve) and the lower boundary fi iCV 
(lower black curve), (b) The corresponding scaled free en¬ 
ergy /i cv (p, 9). The contact angle is pinned at 9 = 60° when 
0 O = 60° (black solid vertical line). Clearly, there ex¬ 
ist two contact angles with the same energy barrier when 
0 < 0 C = 60° and when 0 = 65° which is close to 0 C . The 
heterogeneous nucleation with a lens-shaped nucleus is fa¬ 
vorable between the area sandwiched by two horizontal lines 

(0 < /lev < 1). 

The situation is more complicated once the critical ra¬ 
dius r* of the nucleus exceeds the radius R of the sub¬ 
strate (p > 1). Figure [5] shows the scaled line tension f cv 
and the scaled energy barrier h cv when p = 2.0 for vari¬ 
ous values of 0 q. In this case, there exists a characteristic 


contact angle 9 = 9 C given by 


9 C = cos 


-l 


(37) 


which corresponds to Eq. © where cf> = 90° and the 
three-phase contact line coincides with the equator of the 
spherical substrate. Therefore when 0 < 0 C , the three- 
phase contact line crosses the equator of the spherical 
substrate, moving from upper hemisphere to lower hemi¬ 
sphere (Fig.©. 

If it happens that the Young’s contact angle 9q , which 
characterizes the chemical nature of the substrate, coin¬ 
cides with the characteristic contact angle 0 C , which is de¬ 
termined solely from the size of substrate (0o = 9 C ), then 
the solution of the generalized Young equation (Eq. ©) 
is given by 9 = 9q. Therefore, when the Young’s contact 
angle 9q is the characteristic angle 9 C given by Eq. < E 3 ), 
the contact angle 9 is pinned at the Young’s contact an¬ 
gle 0o = 0c, and the contact line stays on the equator, 
irrespective of the magnitude of scaled line tension f. In 
this case, as the line tension is increased, the contact an¬ 
gle is pinned at 0 = 0 C = 60° (Fig. |8(a)[ black vertical 
straight line). When the line tension reaches the upper 
bound t U iCV , the free energy of the lens-shaped heteroge¬ 
neous nucleus exceeds that of the spherical homogeneous 
nucleus. Then, the homogeneous nucleation rather than 
the heterogeneous nucleation becomes favorable. At the 
contact angle 0o = 0 C , the line tension does not affect 
the contact angle 0 (Fig. |8(a)j ), but it affects the energy 
barrier (Fig. |8(b) 1. Since 0 C < 90°, the convex substrate 
must be hydrophilic so that the contact line crosses the 
equator. 

Note that 0 —> 0° limit of the free energy with r = 0 
(black broken curve) for p > 1 in Fig. 8(b) | is different 
from the same limit for p < 1 in Fig. |7(bj since the 
critical nucleus with radius r* > R will completely wrap 
the spherical substrate of radius R. In fact, from Eq. 03 
we have 


fcv (p, 0 —t 0°) — 1-yd-y P > 1, 


= 0 


P P 

p < 0. 


On the other hand 


fcv {p,e^ 180°) = 1 


(38) 


(39) 


always holds as show n in F ig. |7(b) and Fig. |8(b)| 

In contrast to Figs. 6(a) and 7(a) the lens-shaped nu¬ 
cleus can always exist when p > 1 as Eq. 4MD can always 
have solutions for from Fig. 8(a) though the probability 
of occurrence might be very small. Therefore, the ho¬ 
mogeneous nucleation and the heterogeneous nucleation 
can coexist irrespective of the magnitude of the line ten¬ 
sion when it is positive. Similarly, the athermal nucle¬ 
ation with lens-shaped nucleus can coexist with an uni¬ 
form wetting layer when the line tension is lower than 
the lower boundary ri )CV 

The lens-shaped nucleus on a spherical substrate with 
p > 1 (Fig.|8(a)|) is less resistant to a positive line tension 
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FIG. 9. Two nuclei with the same radius r* > R (p > 1). 
The three-phase contact line is located on the upper hemi¬ 
sphere if 6 > 9 C and on the lower hemisphere if 8 < 9 C . On the 
upper hemisphere, the increase (decrease) in the contact-line 
length leads to an expansion (shrinkage) in the contact line, 
accompanied by a decrease (increase) in the contact angle. 
On the lower hemisphere, however, the increase (decrease) of 
the contact-line results in the shrinkage (expansion) of the 
contact line accompanied by the increase (decrease) of the 
contact angle. These two nuclei with the same radius r* and 
different contact angles 6 may have the same free energy. 


than that with p < 1 (Fig. 7(a) I. The maximum line 
tension r U)CV is smaller in Fig. 8(a) than in Fig. |7(a)| a 
lens-shaped heterogeneous nucleus is less favorable when 
p > 1 . There always exist two branches for the same 9q 
in Figs. |8(a)[ and |8(b~)[ The behavior of the contact angle 
9 with respect to the line tension f is different between 
the conditions 9o > 9 C and 9q < 9 C . When 9 0 < 9 C , the 
contact line is located on the lower hemisphere (Fig. [9]). 
If the line tension is positive (r > 0), there will be two 
solutions of Eq. (13(1 (see for example, Fig. 8(a) where 
9 0 = 30°, 50°), one near the Young’s contact angle 9q 
and another near 0°. The former contact angle increases 
and the latter contact angle decreases as the magnitude 
of positive line tension is increased. There also exists a 
maximum, above which the Eq. © has no solution when 
9 0 > 9 C . Then, only the homogeneous nucleation will be 
realized even though the line tension is smaller than the 
upper bound f UiCV . If the line tension is negative, the 
contact angle increases on increasing the magnitude of 
negative line tension (Fig. 8(a)). 

On the other hand, when 9 0 > 9 C (Fig. 8(a)| 9 0 = 
65° — 150°), the situation is similar to when p = 0 in 
Fig. |6(a)| and p = 0.7 in Fig. |7(a)| Now, the contact 
line is located on the upper hemisphere (Fig. [9]), as in 
the case of p < 1. Increasing the line tension leads to 
a decrease in the nucleus perimeter. Then, the contact 
angle 9 increases as the line tension f is increased. When 
it reaches the upper bound t U iCV , the lens-shaped nucleus 
of heterogeneous nucleation becomes less favorable to a 
spherical nucleus of homogeneous nucleation with 9 = 
180° (Fig. [8(a)] 9 0 = 65° - 150°). 


When 9q is very close to 9 C ( 9 0 = 65°), there exist two 
solutions (contact angles) of Eq. (1M1) for the positive line 
tension f (Fig. 8(a)| 9q = 65°). The contact line of one 
solution is located on the upper hemisphere and another 
on the lower hemisphere (Fig. [9]). One solution, the con¬ 
tact line of which is located on the upper hemisphere, is 
9 = 9q at r = 0. The other solution, the contact line 
of which is located on the lower hemisphere, starts from 
9 = 0° at f = 0. These two solutions have the same 
free energy (Fig. |8(b)| ). They both become less favorable 
to a spherical nucleus of homogeneous nucleation when 
the line tension re aches the upper bound f UjCV (two green 
solid curve in Fig. |8(a)| and in the inset). 

When p > 1, the three-phase contact line can cross 
the equator of the spherical substrate. The contact line 
is located on the upper hemisphere if 9q > 9 C , and on 
the lower hemisphere if 9q < 9 c . The line tension cannot 
change the position of the contact line from the upper 
hemisphere to the lower hemisphere or from the lower 
hemisphere to the upper hemisphere because 9 > 9 0 > 9 C 
and 9 < 9q < 9 C always hold on the upper and lower 
hemisphere, respectively. Two nuclei with the same ra¬ 
dius r* and different contact angles 9 , which are located 
on the upper and lower hemispheres (Fig. [9]), may have 
the same free energy when the contact angle 9q ~ 9 C , 
which is true when 9q = 65°. Therefore, we will have 
two critical point of the nucleation, and we may expect 
parallel nucleation^. 


B. Nucleus on a concave spherical substrate 

The scaled free energy (energy barrier) of the hetero¬ 
geneous critical nucleus nucleated on a concave spherical 
substrate of cavity is given by 


h cc (p, 9) = f cc (p, 9) + —Tg cc (p, 9 ), (40) 


where / cc and g cc are defined in Eqs. E5l) and ESI) . 

Figure [10] shows the scaled energy barrier h cc \p,9) 
as a functions of contact angle 9 and size parameter p 
for a heterogeneous nucleus in a spherical cavity when 
f = 0.1 > 0 (Fig. [10(a)] ) and f = -0.1 < 0 (Fig /flOpp)] ). 
It can be seen from Fig. |10(a) that the energy barrier 
exceeds h cc = 1 when f > 0, 9 is large and p is small. 
Clearly, a small cavity of radius smaller than the radius 
of a critical nucleus cannot accommodate a spherical nu¬ 
cleus of homogeneous nucleation. Therefore p must be 
less than 1 when h cc > 1 to realize homogeneous nucle¬ 
ation. Otherwise, the inequality h cc > 1 simply implies 
that a nucleus confined within a cavity has higher energy 
than the corresponding spherical nucleus of homogeneous 
nucleation. On the other hand, when f < 0, 9 is small 
and p is large in Fig. [10(b)] and the scaled energy barrier 
becomes negative. 

The transition from heterogeneous-dominant nucle¬ 
ation to homogeneous-dominant nucleation occurs on a 
concave substrate when h cc (p 1 9) = 1, which gives the 
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(a)Energy barrier he c when the line tension is 
positive (t = 0.1) 



(b)Energy barrier h cc when the line tension is 
negative (f = —0.1) 


FIG. 10. Scaled free energy (energy barrier) h cc ( p , 6) of the 
critical nucleus on a concave spherical substrate as a function 
of the contact angle 6 and size parameter p when the scaled 
line tension is (a) positive (f = 0.1) and (b) negative (f = 
- 0 . 1 ). 


upper bound of the scaled line tension 


TfljCC {^Pl 


2(1 -fee (P,0)) 
3gcc (p, 0) 


(41) 


which is derived from Eq. (1351) by replacing f cv and g cv 
by fee & n d g cc - The transition from activated nucle- 
ation to non-activated athermal nucleation occurs when 
hcc (p, 0) = 0, which gives the lower bound 


Manipulation of the algebra shows that 

Tec (p, 0) = -fcv (p, 180° - 9 ), 

gcc (p, 9) = gcv (p, 180° - 9 ), (44) 

fee (p, 9) = l- /cv (p, 180° — 9) . 

Then, 


1~U,CC — n,cv, 

71,CC = tl,CV (45) 

Therefore, the results for a concave substrate can be ob¬ 
tained by interchanging the role of hydrophilicity and 
hydrophobicity, and reversing the sign of the line tension 
(9 —>• 180° — 9 and r —> —r) in the results for a convex 
substrate. The intrinsic contact angle 9 is determined 
from 


T = T cc (P, 9) 


(46) 


similar to Eq. (l36l) . 



0 20 40 60 80 100 120 140 160 180 


0 

(a) Scaled line tension r cc as a function of the 
contact angle 6. 



0 20 40 60 80 100 120 140 160 180 

0 

(b) Scaled energy barrier h C c as a function of 
the contact angle 6 


n,cc (p, 0) 


-2/cc (p,fl) 

3gcc (p, 0) 


(42) 


The contact angle 9 is determined from Eq. (1231) . There¬ 
fore, the scaled line tension f is given by 


FIG. 11. (a) Scaled line tension f cc {p,9) of the nu¬ 

cleus on a concave substrate with p = 0.7 as a function 
of the contact angle 9 for various Young’s contact angles 
9o(= 30°, 60°, 90°, 120°, 150°) . (b) Corresponding scaled free 
energies h cc ( p,0 ). 


Tec (P, 0) 


(cosPo — cosP) sin 9 
1 + p cos 9 


As long as the critical radius r* of the nucleus is smaller 
than the radius R of the spherical cavity, and p < 1, the 
situation does not differ much from that for a flat or con¬ 
vex substrate with p < 1 in Fig. [7| Figure [FT] shows the 


where 9q is defined by Eq. Q. 
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scaled line tension f cc and the scaled energy barrier h cc 
when p = 0.7 for various values of 9 0 . These figures are 
simi lar to Figs. [6] and [7l As noted in Eqs. (l44l) and (l45jl . 
Fig. |11(a)] is obtained by rotatin g Fig. 7(a)| clockwise by 
180°. In other words, Fig. 11(a) is obtained by cha nging 
the contact angle 9 180° — 9 and f —> —t in Fig. |7(a)| 

Therefore, a convex substrate and concave substrate are 
symmetric in that a hydrophilic convex substrate with 
9 0 = 30° (Fig. 7(a) I, for example, corresponds to a hy¬ 


drop hobic c oncave substrate with 9 0 = 180° — 30° = 150° 
(Fig. |ll(a)| ) and vice versa. The positive line tension in 
the former case has the same effect as the negative line 
tension of the same magnitude in the latter case. 

There are several differences between Fig. |TT| and 
Fig. 0 First, the concave substrate is more resistant 
to a positive line tension than to a negative line tension. 
When the line tension is positive, the heterogeneous nu- 


cleation is favorable on a concave substrate (Fig. 11(a)) 


than on a convex substrate (Fig. 7(a)) or on a flat sub¬ 
strate (Fig. |6(a)j ). In contrast, a concave substrate is less 
resistant to a negative line tension. If we increase the ab¬ 
solute magnitude of negative line tension, the athermal 
nucleation rather than heterogeneous nucleation is eas¬ 
ily realized, as the energy barrier becomes negative. On 
the other hand, if we increase the positive line tension in 
Fig. 11(a) the contact angle increases, as in Fig.|7(a)[ As 


soon as the line tension reaches the upper bound t u c 
the homogeneous nucleation rather than the heteroge¬ 
neous nucleation becomes favorable. 

The situation is more complicated once the critical ra¬ 
dius r* of the nucleus exceeds the radius R of the concave 
substrate (p > 1), as in the case of the convex substrate. 
Furthermore, there is large difference between the con¬ 
cave and convex substrates because the concave cavity 
with radius R cannot accommodate the spherical homo¬ 
geneous nucleus with radius r* > R. Therefore, the ho¬ 
mogeneous nucleation with the contact angle 180° is in¬ 
hibited. The upper bound in Eq. 6D has no meaning 
but the lower bound in Eq. flU still exists when p > 1. 

This fact is reflected on the 9 —t 180° limit of the 
free energy with r = 0 (black broken curve) for p > 1 


in Fig. 12(b) 

which 

p < 1 in Fig. 

11(b) 


11(b) In fact, from Eq. E5l) we have 


/ cc (p, 9 —>• 180°) = —-r p> 1, 


P 

= 1 


p ,J 

p< i- 


On the other hand 


fee (p,9 0°) — 0 


(47) 


(48) 


always holds as shown in Fig. |ll(bj] and Fig. |12(bj] 
With the exception of the homogeneous nucleation, the 
situation is similar to the case of the convex substrate 
when p > 1. Figure [12] shows the scaled line tension 
f cc and the scaled energy barrier h cc for various values 
of 9 0 and p = 2 .0. Again, Fig. |12(a)| is obtained by 


rotating Fig. 8(a) clockwise by 180°. The lrydrophobicity 
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0 

(a) Scaled line tension f cc as a function of the 
contact angle 6. 



0 


(b) Scaled energy barrier h c c as a function of 
the contact angle 6 


FIG. 12. (a) Scaled line tension r cc (p, 0) as a function 

of the contact angle 0 for various Young’s contact angle 
9 0 (= 30°, 60°, 90°, 115°, 120°, 130°, 150°) when p = 2.0. The 
characteristic angle is 0 C = 120° on the basis of Eq. 
Therefore, when the Young’s contact angle is do = 9 C = 120°, 
the contact angle 9 is pinned at 120°. In this case, the up¬ 
per bound f u ,cc is meaningless as the cavity is too small to 
accommodate the entire volume of the nucleus, (b) The cor¬ 
responding scaled free energy h cc (p,0)- 


and the hydrophilicity interchange their roles in concave 
and convex substrates. In this case, there also exists a 
characteristic contact angle 9 = 9 C for the droplet on a 
concave substrate given by 


9 C = cos 


-i -1 


(49) 


which corresponds to Eq. dim) . Therefore, 9 C > 90°, and 
the substrate must be hydrophobic so that contact line 
crosses the equator of the substrate at (f> = 90°. 

One solution of Eq. (l23l) is 9 = 9q = 9 C . Therefore, 
when the Young’s contact angle is given by the charac¬ 
teristic contact angle ( 9q = 9 C ), the contact angle 9 is 
pinned at 9 C irrespective of the magnitude of scaled line 
tension f. As the line tension is changed, the contact an¬ 
gle is pinned at 9 = 9q = 120° (Fig. 12(a)] black straight 
line) as 9 C = 120° when p = 2.0 (from Eq. (149)'). 

The behavior of the contact angle 9 in Fig. 12(a) as a 
function of the line tension f cc is different between the 
condition 9q > 9 C and 9q < 9 Cl as in the case of a con- 
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FIG. 13. Two nuclei with the same radius r* > R (p > 1). 
The three-phase contact line is located on the upper hemi¬ 
sphere if 9 > 0 C , and on the lower hemisphere if 9 < 9 C . 
These two nuclei with the same radius r* and different con¬ 
tact angles 9 may have the same free energy. 


vex substrate. When 6q < 6 C , the situation is similar 
to that when p = 0.7 in Fig. |ll(a)| and when 9q > 9 C 
in Fig. |8(a)| In this case, the contact line is located on 
the lower hemisphere fFig. ITdl) . The contact angle 9 in¬ 
creases as the line tension f is increased. When 9q > 9 C , 
on the other hand, the contact line is located on the upper 
hemisphere (Fig. [131), and the contact angle 9 decreases 
as the line tension f is increased. Again, the line ten¬ 
sion cannot change the position of the contact line from 
the upper hemisphere to the lower hemisphere or from 
the lower hemisphere to the upper hemisphere, because 
9 0 > 9 > 9 C and 9 C > 9 > 9 0 always hold on the up¬ 
per and lower hemispheres, respectively, of the concave 
substrate. 

When 9q is very close to 9 C (Fig. [121 grey solid curve 
for 9q = 115°), there exist two solutions of Eq. (147)1) for 
the same negative line tension f. One solution locates 
on the lower hemisphere (6 < 9 C ) and the other solu¬ 
tion locates on the upper hemisphere (9 > 9 C ). These 
two critical nuclei with different contact angles have the 
same free energy (Figs. 12(b) andfTdll. There also exist 


two solutions of Eq. (1461) on the same upper hemisphere 
(9 > 9 C ) when the line tension is negative (f < 0) and 
9 0 > 9 C (Fig. |T2l 9 C = 130°, 150°). Clearly, these two 
critical nuclei with different contact angles also have the 
same free energy (Figs. [12(b)] ). Therefore, we may expect 
parallel nucleation^ again. 


IV. CONCLUSION 


In this study, we considered the line-tension-induced 
scenario of heterogeneous nucleation by considering the 
free energy of a lens-shaped critical nucleus nucleated on 
a spherical substrate and on the wall of a spherical cav¬ 
ity. The generalized Young equatioiJS^S, was rederived 


by minimizing the Helmholtz free energy to determine 
the contact angle. Then, we determined the critical ra¬ 
dius and the work of formation (nucleation barrier) of the 
critical nucleus by using the generalized Young equation 
and by maximizing the Gibbs free energy. The work of 
formation consists of the usual volume contribution and 
a line contribution due to the line tension, which was ex¬ 
amined in our previous paper—. Using the generalized 
Young equation, we studied the contact angle of a lens¬ 
shaped nucleus as a function of line tension. As long 
as the contact line remains on the upper hemisphere of a 
spherical substrate or the lower hemisphere of a spherical 
cavity, the line-tension dependence of the contact angle 
on a convex or concave substrate is similar to that on a 
flat substrate. Once the contact line can cross the equa¬ 
tor of a sphere or cavity, a more complex behavior is ob¬ 
served. Now, the line-tension dependence of the contact 
angle is different on the upper hemisphere from that on 
the lower hemisphere. The contact line cannot cross the 
equator even if we change the magnitude of line tension. 

The scenario of heterogeneous nucleation of a lens¬ 
shaped nucleus was examined by comparing the Gibbs 
free energy of a lens-shaped nucleus with that of a spher¬ 
ical nucleus of the same critical radius of homogeneous 
nucleation. On increasing the positive line tension , the 
free energy can exceed that of homogeneous nucleation. 
Then, the homogeneous nucleation is more preferable to 
the heterogeneous nucleation. On the other hand, on in¬ 
creasing the magnitude of negative line tension , the free 
energy barrier becomes negative. Then, the nucleation 
becomes athermal nucleation^ without thermal activa¬ 
tion. 

Although, we have considered only a critical nucleus 
that is intrinsically metastable, it is possible to study a 
nonvolatile nucleus on a convex or concave substrate by 
following the work of Widom^. However, the meaning 
of the scaled line tension becomes obscure for such a nu¬ 
cleus, although it is clearly defined in this work as the 
radius of nucleus is fixed by the Young-Laplace equation. 

We used a spherical lens-shaped nucleus model and as¬ 
sumed that the liquid-solid interaction is given by short- 
ranged contact interaction represented by the surface 
tension. However, it is possible to include long-ranged 
liquid-solid interaction by using the concept of disjoin¬ 
ing pressure. Several studie d 20 ’ 44- — have already exam¬ 
ined the effect of the long-range force. However, most of 
those studies have focused on the case of complete wet¬ 
ting with the contact angle 0 = 0° for a spherical nucleus 
surrounding a spherical substrat o 44 ’ 45 ’ 47 ’ 48 , rather than a 
lens-shaped nucleus with a three-phase contact line. Al¬ 
though there are numerous studies on lens-shaped nuclei 
on flat substrates in the presence of long-ranged disjoin¬ 
ing pressure^ - —, investigations on lens-shaped nuclei on 
spherical substrates are scarce, as they have to rely on nu¬ 
merical studies^. In addition, we have assumed that the 
liquid-vapor interface is sharp. There are several stud- 
ie a 35 , 54 that include diffuse interfaces. The results in this 
paper can serve as a guide in the development of more 
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realistic models of lens-shaped nuclei on curved surfaces 
that includes the disjoining pressure and diffuse-interface 
effect. In order to include diffuse-interface effect, how¬ 
ever, the line-tension may cause problems^, which will 
be more troublesome on a curved substrate. 
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